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1. Introduction 

The concept of CR-submanifold, first introduced in Kahler geometry by A. Be- 
jancu [3|, was later considered and studied in locally conformal Kahler ambient 
by many authors (see e.g. [ll[7l[8l[ini[IIl[Illll8l[ni[20l|2ll|23]). Such a sub- 
manifold comes naturally equipped with some canonical foliations, which were first 
investigated by B.Y. Chen and P. Piccinni [5] (see also Chapter 12 from the mono- 
graph [13]). One of these foliations, denoted by and called the totally real 
foliation, is given by the totally real distribution involved in the definition of the 
CR-submanifold, proven to be always completely integrable by D.E. Blair and B.Y. 
Chen [5]. On the other hand, A. Bejancu and H.R. Farran Chapter 5] inves- 
tigated the relationship between the geometry of the totally real foliation on a 
CR-submanifold of a Kahler manifold and the geometry of the CR-submanifold 
itself, stressing on the links between the foliation and the complex structure on the 
embedding manifold (see also the monograph j2] for an excellent survey concerning 
foliations in CR geometry). Moreover, they also used the theory of ruled subman- 
ifolds (see [22| for a detailed survey on the topic) to characterize some classes of 
CR-submanifolds in Kahler manifolds. At the end of the chapter, the authors have 
proposed, as an interesting and useful research, the extension of this study to CR- 
submanifolds of manifolds endowed with various geometric structures. This was 
done recently for quatcrnionic and paraquaternionic Kahler ambient [151 1161 125| . 
In this paper, following the same techniques, we study the CR-submanifolds in a 
locally conformal Kahler manifold. In particular, we obtain necessary and suffi- 
cient conditions for a CR-submanifold of a locally conformal Kahler manifold to 
be ruled with respect to the totally real foliation In the last part of the paper 
characterizations are provided for this foliation to become Riemannian, i.e. with 
bundle-like metric. 



2. Preliminaries 

Let (M, J,'g) be an almost Hermitian manifold of dimension 2n, where J denotes 
the almost complex structure and g the Hermitian metric. Then (M, J,'g) is called 
a locally conformal Kahler (briefly l.c.K.) manifold if for each point p of M there 
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exists an open neighbourhood U oi p and a positive function fu on U so that the 
local metric 

Vu = exp(-/(7)5|[; 

is Kahlerian (see [HI [H]). If [/ = M, then the manifold {M,J,g) is said to 
be a globally conformal Kdhler (briefly g.c.K.) manifold. Equivalently (see jl3j). 
(M, J,'g) is l.c.K. if and only if there exists a closed 1-form w, globally defined on 
M, such that 

dVL — uj AVL, 

where is the Kahler 2-form associated with {J,'g), i.e. 

n{X,Y)^giX, JY), 

for X,Y £ r(TM). The 1-form oj is called the Lee form and its metrically equiva- 
lent vector field _B = cj", where (j means the rising of the indices with respect to g, 
namely 

g{X,B)=u;{X), 

for all X G T{TM), is called Lee vector field. It is known that (M, J, g) is globally 
conformal Kahler (respectively Kahler) if the Lee-form w is exact (respectively 
uj — 0). It is also known that Levi-Civita connections of the local metrics 'gu 
glue up to a globally defined torsion free linear connection D on M, called the Weyl 
connection of the l.c.K. manifold Af , given by 

DxY = VxY - i [c^(X)r + u{Y)X - g{X, Y)B] 

for any X, F G r(TM), where V is the Levi-Civita connection of Moreover, Weyl 
connection D satisfies Dg = lu (E)'g and DJ = 0. As a consequence, considering the 
anti-Lee form 9 = uj o J and the anti-Lee vector field A = —JB, one can obtain a 
third equivalent definition in terms of the Levi-Civita connection V of the metric 'g 
(see [13]). Namely, (M, J, 5) is l.c.K. if and only if the following equation is satisfied 
for any X, F e T{TM): 

{VxJ)Y = \ {B{Y)X - uj{Y)JX - g{X, Y)A - n{X, Y)B] . (1) 

A submanifold M of a l.c.K. manifold {AI,J,'g) is called a CR-suhmanifold if 
there exists a differentiable distribution D : p Dp C TpM on M satisfying the 
following conditions: 

i. D is holomorphic, i.e. J Dp— Dp, for each p G M; 

ii. the complementary orthogonal distribution D^ : p Dp C TpM is totally 
real, i.e. JDp C TpM for each p G M. 

If diniDjJ- = (resp. dimDp = 0), then the CR-submanifold is said to be a 
holomorphic (resp. a totally real) submanifold. A CR-submanifold is called a 
proper CR-submanifold if it is neither holomorphic nor totally real. 

Remark 2.1. Let M be a CR-submanifold of a l.c.K. manifold {A'I,J,'g). By the 
definition of a CR-submanifold we have the orthogonal decomposition 

TM = D®D^. 

Also, the normal bundle has the orthogonal decomposition 

TM^ = JD^ © /z. 
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where /i is the subbundle of the normal bundle TM which is the orthogonal 
complement of JD^. Corresponding to the last decomposition, any normal vector 
field TV can be written as iV = Nj]j± + N^^, where Nj]ji_ (resp. iV^) is the JD^- 
(resp. component of N . It is easy to see that the subbundle /i is invariant 
under the action of J . We note that if /i = 0, then the CR-submanifold is said to 
be an anti-holomorphic submanifold or a generic submanifold. 

If we denote by V the Levi-Civita connection on {M,g), where g is the induced 
Riemannian metric by g on M, then the Gauss and Weingarten formulas are given 
by: 

Vjf y = VxY + h{X, Y), \fX, Y e T{TM) (2) 

and 

VxN = -unX + VjfiV, \JX e T{TM), VN e r(TM-^) (3) 

where h is the second fundamental form of M, is the connection on the normal 
bundle and a^r is the shape operator of M with respect to N. It is well-known that 
/i is a symmetric F(M)-bilinear form and cat is a self-adjoint operator, related by: 

g{aNX,Y)^gihiX,Y),N) (4) 

for all X,Y € T{TM) and TV G r{TM-^). We say (see g]) that the distribution 
D (resp. D^) is a n -invariant, if a^X e r(Z3) (resp. aixZ € r(_D^)) for any 
X e T{D) (resp. Z e T{D^)). _ 

A CR-submanifold M of a l.c.K. manifold (Af, J,g) is called: 

i. D-geodesic if h{X,Y) = 0, VX,y e T{D). 

ii. D^-geodesic if h{X, Y) = 0, VX, Y e T{D^). 

iii. mixed geodesic if h{x,Y) = 0, vx e r(i:)),y e r(i:>^). 

We recall now the following result which we shall need in the sequel. 

Theorem 2.2. Let M be a CR-submanifold of a l.c.K. manifold {M,J,g). Then: 

i. The totally real distribution is integrable [5]. 

ii. The holomorphic distribution D is integrable if and only if 

g{h{X, JY), JZ) = g{h{JX, Y), JZ) - n{X, Y)9{Z) 
for all X,Y e T{D) and Z e T{D^) [6\. 

3. Totally real foliation of a CR-submanifold in a locally 

CONFORMAL KAHLER MANIFOLD 

Let M be a CR-submanifold of a l.c.K. manifold {M, J,'g). From Theorem 12.21 
we have that the distribution Z?^ is always integrable and gives rise to a foliation of 
M by totally-real submanifolds of M. So any CR-submanifold of a l.c.K. manifold 
comes naturally equipped with a foliation denoted by and called the totally real 
foliation. We note that if the holomorphic distribution D is also integrable, then 
M carries a foliation by holomorphic submanifolds of M, called the Levi foliation 
(see [illl]). 

We recall that if each leaf of a foliation on M is a totally geodesic submani- 
fold of M, then we say that is a totally geodesic foliation. Next we state some 
characterizations of totally geodesic totally real foliations on CR-submanifolds. 
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Proposition 3.1. The canonical totally real foliation ^ on a CR-suhmanifold M 
of a l.c.K. manifold [M, J,g) is a totally geodesic foliation if and only if 

e(Y)JX = 2hjjj^ (X, y), VX e T{D^), Y e T{D). (5) 
Proof For X, Z G T{D^) and Y E r{D), using (H])-©, we derive: 
giJ^xZ,Y) = -g{VxZ,JY) 

= -g{WxZ-h{X,Z),JY) 

= g{-{VxJ)Z + VxJZX) 

= -^g{e{Z)X - uo{Z)JX - g{X, Z)A ~ n{X, Y)B - 2Vx J^, Y) 

= -]^g[g{X,Z)JB-2WxJZX) 

= ^giX, Z)g{B, JY) + g{-ajzX + Vj,JZ, Y) 

= ^g(X,ZMJY)-g{h{X,Y),JZ) 

= ^g{9{Y)JX,JZ)-g{h{X,Y),JZ). 

Therefore, we obtain 

giJVxZ.Y)^\9i0iY)JX~2hjD^{X,Y),JZ),yX,Z (^r{D^), Y eTiD). (6) 

If we suppose now is a totally geodesic foliation, then WxZ E r{D-^), for all 
X,Z & r(D-'-), and from (O we deduce: 

g{0{Y)JX - 2hjD^ (X, y), JZ) = 0, VZ e T{D^) 

and the implication follows. 

Conversely, if we suppose e(Y)JX = 2hjD^{X,Y), for aU X e T{D^), Y e 
r(D), then from ^ we derive: 

giJVxZ, Y)^0 

and we conclude VxZ G T{D^). Thus is a totally geodesic foliation. □ 

Remark 3.2. An alternative proof of the above Proposition can be obtained using 
P Lemma 1, p. 343]. 

Theorem 3.3. Let M be a CR-submanifold of a l.c.K. manifold [M, J,'g) such that 
the Lee vector field B is normal to M . Then the next assertions are equivalent: 

i. The canonical totally real foliation on M is totally geodesic. 

ii. h{x,Y) e r(/i), yx g t{d^), y g t{d). 

iii. The totally real distribution is on ^invariant for any N G r(JZ3^). 

iv. The holomorphic distribution D is ax -invariant for any N G T{JD^). 

Proof. Since B is normal to M , we deduce 

9{Y) = iu{JY) = g{JY, B)=0 

for any Y G r(_D). Therefore, from the above Proposition we obtain (i) <^ (ii). 

The equivalence of (ii) and (iii) follows easily from (U), while the equivalence of 
(iii) and (iv) holds because a^r is a self-adjoint operator. □ 
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Remark 3.4. We note that Theorem [33] extends Theorem 4.1 m [4, p. 247] from the 
case of an ambient Kahlerian manifold to the case of an ambient l.c.K. manifold. 

Corollary 3.5. Let M be a CR-submanifold of a l.c.K. manifold {M,J,g) such 
that the Lee vector field B is normal to M. Then: 

i. // M is mixed geodesic, then the totally real foliation on M is totally 
geodesic. 

ii. // M is an anti-holomorphic submanifold, then M is mixed geodesic if and 
only if the totally real foliation 'S'^ is totally geodesic. 

Proof. The proof is clear from Theorem 13.31 □ 

Remark 3.6. We note that the Corollary I3.5f i.) has been also obtained using a 
different proof by Dragomir [10] (see also |I3| Theorem 12.6, p. 168]). On the 
other hand, Corollary 13. 5f ii.) giyes us an interesting geometric characterization of 
mixed geodesic anti-holomorphic submanifolds in a l.c.K. manifold normal to the 
Lee yector field. Thus, M is mixed geodesic if and only if any geodesic of a leaf 
of is a geodesic of AI. On another hand, according to Corollary I3.5f i.). if M 
is totally geodesic, then M is mixed geodesic and any geodesic of a leaf of is a 
geodesic of M which in turn is a geodesic of M. Therefore any leaf of "S^ is totally 
geodesic immersed in {M,J,g). It is important to note that this property is also 
true in Kahler ambient (see [4l Corollary 4.4, p. 148]). 

A submanifold M of a Riemannian manifold (M,g) is said to be a ruled subman- 
ifold if it admits a foliation whose leayes are totally geodesic immersed in (M, g). A 
CR-submanifold which is a ruled submanifold with respect to the canonical folia- 
tion is called a totally real ruled CR-submanifold. We are able now to state the 
following characterization of totally real ruled CR-submanifolds in l.c.K. manifolds. 

Theorem 3.7. Let M be a CR-submanifold of a l.c.K. manifold {AI,J,'g). Then 
the next assertions are equivalent: 

i. M is a totally real ruled CR-submanifold. 

ii. M is D-^ -geodesic and the anti-Lee form 6 and the second fundamental 
form h of the submanifold are related by (0). 

iii. The second fundamental form h, the anti-Lee form 9 and the anti-Lee 
vector field A are related by and satisfy: 

h{x, z) e r(^), vx, z e t{d^) (7) 

and 

(vi jz)^ = -^g{x, z)A,„ yx, Z e r{D^), (8) 

where the index fi denotes the ^.-component of the vector field. 

Proof, i. <^ ii. For any X,Z E T{D-^) we haye: 

^xZ = VxZ + h{X,Z) 

= V'^^Z + h"^{X,Z) + h{X,Z) 

and thus we conclude that the leafs of are totally geodesic immersed in M if 
and only if h^ = and M is Z3-'"-geodesic. The equiyalence follows now easily 
from Proposition l3.1l 
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i. 4^ iii. For X, Z ^ r{D^), and U G ^{D) we obtain similarly as in the proof of 
Proposition 13. II 

g{VxZ,U) = g{JVxZ,JU) 

= g{-{^xJ)Z + VxJZ,JU) 

= ]^g{e{JU)JX-2hjD^{X,JU),JZ). (9) 

On the other hand, if X,Z,W E T{D^), then taking account of ([2|) we deduce: 

g{WxZ,JW) = g{VxZ + hiX,Z),JW) 

= g{h{X,Z),JW). (10) 

If we consider now X,Z E r{D^) and N e r(/Li), then making use of ([T]) and ^ 
we derive: 

g{WxZ,N) = g{JVxZ,JN) 

= g(-(VjfJ)Z + VxJ^, JiV) 

= -^g((e{Z)X - oj{Z)JX - g{X, Z)A - Z)B) - 2Vx J^, JN) 

= ig(5(X,Z)A + 2Vi.JZ,J7V) 
and thus we obtain: 

WxZ, N) = ^g{giX, Z)A, + 2 (Vj^ JZ)^ , J7V). (11) 

Finally, M is a totally real ruled CR-submanifold of (Af , J, 5) if and only if 
^xZ e T{D^), \/X,Z e r(D^) and by using dH), ([TOl) and ([TT]) wc deduce the 
equivalence. □ 

Corollary 3.8. If M is a CR~submanifold of a l.c.K. manifold (M,J,g) such that 
B G V{JD^), then the next assertions are equivalent: 

i. M is a totally real ruled CR-submanifold. 

ii. M is D^-geodesic and the second fundamental form satisfies 

h{x,Y) e r(Ai), yx e t{d^), y e t{d). 

iii. The subbundle JD^ is -parallel, i.e: 

VxJZ e T{JD^), yx, Z e T{D^) 

and the second fundamental form satisfies 

h{x,Y) e r(/i), vx e t{d^), y e v{tm). 

iv. The shape operator satisfies 

ajzX^Q, vx,zer(i?^) 

and 

axX G T{D), VX G T{D^), N G r(^). 
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Proof. The equivalence of (i.), (ii.) and (iii.) is clear from the above theorem, since 
for any Y G r(_D) we have 

9{Y)^giJY,B)^0. 
The equivalence of (ii) and (iii.) follows from (U). □ 

Corollary 3.9. Let M be a CR-submanifold of a l.c.K. manifold {M,J,g) such 
that Lee vector field B is normal to M . Lf M is totally geodesic, then M is a totally 
real ruled CR-submanifold. 

Proof. The assertion is clear from Theorem 13.71 □ 



4. Foliations with bundle-like metric on CR-submanifolds of 

LOCALLY CONFORMAL KAHLER MANIFOLDS 

Let {M,g) be a Ricmannian manifold and ^ a foliation on M. The metric g is 
said to be bundle-like for the foliation ^ if the induced metric on the transversal 
distribution T>-^ is parallel with respect to the intrinsic connection on V-^. This is 
true if and only if the Levi-Civita connection V of {M,g) satisfies (see [4]): 

gi^Q^yQX, Q^Z) + giVQ^zQX, Q^Y) = 0, VX, F, Z G r(TM), (12) 

where (resp. Q) is the projection morphism of TM on T>^ (resp D). 

If for a given foliation ^ there exists a Ricmannian metric g on M which is 
bundle-like for ^, then we say that 5? is a Ricmannian foliation on (M, g). 

In what follows we provide necessary and sufficient conditions for the induced 
metric on a CR-submanifold of a l.c.K. manifold to be bundle-like for the totally 
real foliation . 

Theorem 4.1. If M is a CR-submanifold of a l.c.K. manifold {M,J,'g), then the 
next assertions are equivalent: 

i. The induced metric g on M is bundle-like for the canonical totally real 
foliation . 

ii. The second fundamental form h of the submanifold and anti-Lee vector field 
A satisfy: 

giU, V)A + h{U, JV) + h{V, JU) £ TiTM) © r(/i), 
for any U,V € T{D). 

Proof. From we deduce that g is bundle-like for the canonical totally real 
foliation if and only if: 



g{VuX, V) + g{VvX, U) = 0, VX £ V{D^), U,V e r{D). (13) 
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On the other hand, usmg ©-(HI), we obtam for any X e r(D^), U,V e T{D): 
g{VuX,V) + giVvX,U)^g{^uX ~h{U,X),V)+giVvX -h{V,X),U) 
= g{VuX,V)+g{VvX,U) 

= g{~(VuJ)X + VuJX, JV) + g{-(yvJ)X + Vy JX, JU) 

= -^g{9{X)U - uj{X)JU - g{U, X)A - n{U, X)B - 2VuJX, JV) 

-^g{e{X)V - uj{X)JV - g{V, X)A - ^{V, X)B - 2Vy JX, JU) 

= -^g{e{X)U -uj{X)JU -2VuJX,JV) 

-^g{9{X)V - uj{X)JV - 2VvJX, JU) 

= ujiX)g{U, V) + giVuJX, JV) + g(W JX, JU) 
= Lo{X)g{U, V) - g{AjxU, JV) - g{AjxV, JU) 
- uj{X)g{U, V) - g{h{U, JV), JX) - g{h{V, JU), JX). 
and taking into account that B = lj'^ and A = —JB we derive: 

g{VuX, V) + g[WvX, U) = -gig{U, V)A + h{U, JV) + h{V, JU), JX). (14) 
The proof is now complete from (IT51) and □ 

Corollary 4.2. Let M he a CR-suhmanifold of a l.c.K. manifold {M, J,'g). 

i. If B Q r(£') ©r(rAf^), then the induced metric g on M is hundle-like for 
the canonical totally real foliation if and only if 

h{u, JV) + h{v, JU) e r(^), yu, v e t{d). 

ii. If B has a non-vanishing component in r{D-^), then the induced metric g 
on M is not bundle-like for the canonical totally real foliation 5^ . 



Proof. The proof follows from Theorem 14.11 □ 

Corollary 4.3. // M is an anti-holomorphic submanifold of a l.c.K. manifold 
{M, J,g), normal to the Lee field of M , then the induced metric g on M is bundle- 
like for the canonical totally real foliation if and only if 

h{u, JV) + h{v, JU) ^ 0, yu, V e r(i?). 

Proof. The assertion is clear from the above Corollary. □ 
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